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1. Let us consider the following perturbed system of differential equations:
dy dz
=Y+ QW ) 2 =X G+ R 2, y) (1.4)

where ¢ is a real independent variable, while x and y are the required functions of ¢ defined
on a full, linear normed space E. Functions X{, x, y} and Y (s, %, y) are given over a region
t>0, |l=zlI<H, Iyl <H 1.2)
of the space £ and become zero when x =y = A, The functions Q(¢, x, y) and R(s, x, y) are
some unknown functions belonging to the space E; they characterize the persistent pertur-
bations, and generally do not become zero when x = y = # and satisfy, in the region (1.2},
the conditions
e = v ii<<e HRG = li<e (1.3)
where p> 0is a sufficiently small number.
We shall assume that the right-hand sides of (1.1) satisfy, in the region (1.2), the follow-
ing conditions:
1) Functions X{z, x, v}, Y{t, x, ¥}, Qt, %, y) and R{s, x, y) are single-valued and con-
tinuous in ¢,
2) For any two points (t, x, ¥ ") and (¢, ™, ¥y ™) the following inequality holds:
VU@ 2 y)—U @2 y) I Se@® du (Au=max [z’ —z" |,y —y" ]
where o {t) is a real, bounded continuous function when ¢ 3 0 and U(¢, x, y) denotes any one

of the functions listed in (1).
We shall call the variable y — critical, and x — fundamental. The solution x =y = § of

the system (1.1) without perturbations shall, in the following, be called the null solution.
Let x = z(t) be a continnous function in E satisfying the condition ||z()|| & H, and let us

consider the following Eq.
dyldt=Y(t z(t) y)+ Q(t ) ¥) (1.4)

obtained from the first Eq. of (1.1) by a substitution x = z{¢).
Together with (1.4), we shall consider an unperturbed Eq.
dyldt =Y (t, z(t) v (1.5)
Definition 1.1, We shall say that solutions of (1.5) are stable under persistent per-
turbations when the fundamental variable is sufficiently small numerically, if, for any given
number € > 0 (& < H), for any initial value ¢ = ¢y 20 and under any indioated choice of
x = z(t), there exist two other numbers r=r(e, ¢q)> O and p=p (e, t,) > 0 such, that as
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ly@lisn hz@ s

the inequality
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hz@li<se
will also hold for any ¢ > ¢ for which

ly@hh<e

under any perturbations Q{t, %, y) satisfying the condition (1.3). Here y(t) is the solution of
{1.4) passing through the point {¢5, v4).

If the numbers r > 0 and p > 0 are independent of the initial value of t = £, 3, 0, then the
solutions of (1.5) shall be called uniformly stable under persistent perturbations when the
numerical value of the fundamental variable is sufficiently small.

Definition 1.2. We shall say that solutions of (1.5) are unstable under persistent
perturbations when the numerical value of the fundamental variable is sufficiently small if,
for any ¢t =ty 3 0 and any sufficiently small number p> 0, there exists such point gy 7o)
with the value of ||yyl| > 0 arbitrarily small and such a perturbation Q(t, %, y) satisfying
(1.3), that under any indicated choice of x = z(2), a solution belonging to solutions of (1.4)
passing through this point can always be found such, that it will at some ¢t > ¢, satisfy the
inequality

ly Oli=>e

where &> 0 (& < H) is a constant which is independent of the choice of x = z(¢) of the
given point (¢4, y,) and of the choice of perturbations Q(t, %, y).

We then have the®ollowing Theorems:

Theorem 1.1. If a perturbed system of differential equations is such that solutions
of the first equation are stable under persistent perturbations when the numerical value of
the fundamental variable is sufficiently small, while the solutions of the second equation
are stable under persistent perturbations when the numerical value of the critical variable
is sufficiently small, then the null solution is stable under persistent perturbations.

Proof. Letthe number & > 0 (&€ <H) and the initial value t = t5 3 0 be given. Assume
that x = x{t), y = y{¢) is a solution of the perturbed system (1.1) and that this solution pas-
ses through the point {8y, x4, ¥4). Then the theorem implies that numbers r; =r (&, £,)> 0
and p, = p, (e, ty) > 0 can be found such, that as soon as

[ERCYAIR g Nyt I S 7
the inequality ||y(¢)]| < € will also hold for all ¢ 3.4 for which
hz@®I<e, Qe = nilsm

Moreover we can also find numbers r, =r, (e, ty) > 0 and p, = p, (&, £3) > 0 such that as
soon as ||x(¢y) || < 7, and [[y(¢g)|| < ), the inequality | +(e)|| < & will also hold for all £ > ¢,
for which “y?t) | < & and [RE %, ) L ppe

If we put r = min(r,, r,) and p = min(p,, p ,) then as soon as ||x(¢o) | < r and |y ) <7,
we shall have, for ail ¢ > ¢, for which ||x(t)]| < & and Q(, x, ¥)| < p,

ly@h<e (1.6)
while for all £> t4 for which |ly()]| < & and |R(s, %, y)|| § p» we shall have
hz@®ll<e a.n

From this it follows that the inequalities {1.6) and (1.7) cannot simultaneously become
equalities, hence neither of them can become an equality. Therefore (1.6) and (1.7) hold for
all ¢ 2 ¢y > 0 i.e. the null solution is stable under persistent perturbations.

Theorem 1.2. If a perturbed system of differential equations is such that solutions of
the first equation are unstable under persistent perturbations when the numerica! value of
the fundamental variable is sufficiently small, then the null solution is unstable under per-
sistent perturbations.

The Theorem is obvious, and we can consider the second equation of the system instead
of its first equation

2. Let us assume that the function X{z, %, y) has the form
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Xt o y=Pt, ) +NEGY+LE 2y 2.1)
where P(t, x) is continuous in ¢, linear in x, i.e.
P (t, o7y + anz‘g) == 0y P (t a:l) "‘I“' 27 P (t .’tz)

fP, ) <|xlp®
where o ; and a , denote any real numbers and p(t) is a real, continuous and bounded func-
tion. Functions N(t, y) and L{¢, %, y) satisfy the inequalities
IveE oilviivdyd.  1LEG s DI<E=l80=0 TyD

where 7 (|y ) = O when |y |- 0, and § (||, [y[) — O whenfjz| 4y - 0.

Let us now assume that the linear Eq.
dx [ dt = P (&, z)

is such, that its bounded solution x = f{¢, ¢, x,) passing through the point {z5, x5) satis~
fies, for all ¢ 3 14 > 0, the inequality

11 (1, tor )| <[] B exp [— a(t — )] 2.2)

where B > 1 and a > 0 are some constants independent of ¢, and x,.

We have now the following theorem:

Theorem 2.1. If a perturbed system of differential equations is such that solutions of
the first equation are stable under persistent perturbations when the numerical value of the
fundamental variable is sufficiently small, while the function X has the form {2.1) and sat-
isfies the indicated conditions, then the null solution is stable under persistent perturba-
tions.

Proof. Let the number &€ > 0(e < H) and the initial value £ =4 3> O be given and let
ry=r, (e, ¢) and p, = p, (€, t) be the numbers defined by (1.5). Assume that

r=min (rz, ﬁ;) » p = min (px, Tg')

Let us now suppose that x = 2{t} and y = y(¢) is a solutien of (1.1), which passes through
the point {¢y, x4, ¥, ) and satisfies the condition

fzil<r ly g <r
Then, by conditions of the Theorem it follows that for all ¢ 3.2y 3 0 for whic
fe@f<ce (23)
holds, we also have
lyv@i<e (2.4)

under any perturbations Q(, x, y) satisfying the conditions (1.3).
Let us consider a segment'[to, t] on which the inequality (2.3) and hence (2.4) holds.

Then the function x = x{t) appearing in the solution of (1.1) will satisfy [2]
¢

Z (1) =] (¢, to, o) +~Sf[t, T, N (T, y(v)] d

to

t t
+ v z@em v@nar+ (v R 2@, yonae
s

i

Hence
t

Jo @) < rBel-a 4 S Bel~2t"l gy (e) dv
12
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t
+ S Bel=2=1 28 (e, 2)dv +
to
This implies that the inequality
=@ < rB+eBaty(e)+eBa 18 (e, &)+ Batp ise
holds on the segment [to, t], provided that the number &> 0 is chosen small encugh to
satisfy

Bel~2{t=01 4 g

P T

Bay (e) < Y, Ba16 (e, &) < s

and that perturbations R{t, z, ¥) satisfy the condition {1.3).
Consequently, if the inequality {2.3) holds on UO, t], then a stronger inequality

lz@O1<Yse
also holds. Therefore (2.3) and (2.4) will hold for any ¢ 3 tg 3 0 and any perturbations sat-
isfying {1.3), i.e. the null solution is stable under persistent perturbations.
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